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Let n be positive integer. Prove that
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Solution by Arkady Alt , San Jose ,California, USA.
First note, that for any polynomial Px  a0xn  a1xn1 . . .an1x  an (a0  0)
with non-zero roots x1,x2, . . . ,xn holds
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Indeed, since Px  a0x  x1x  x2. . . x  xn then
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Let Unx :
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is Chebishev Polynomial of the Second Kind.

Then Unx satisfies to recurrence
Un1x  2xUnx  Un1x,n  and U0x  1,U1x  2x.
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( If n is coefficient of xn in Unx then n satisfies to recurrence n1  2n,0  1).
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Let Pnx :
U2n1 x 

2 x
then Pnx  4n1
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Note that U2n1x can be immediate defined by recurrence
U2n1x  22x2  1U2n1x  U2n3x,n  with U1x  0,U1x  2x.

Since U2n1x divisible by 2x then polynomial Pnx satisfy to the recurrence
(2) Pn1x  22x  1Pnx  Pn1x,n  with P0x  0,P1x  1.

Thus, appllying (1) to polynomial Pnx we have
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In particularly, from (2) follows recurrence
(3) Pn10  2Pn0  Pn10  0,n  with P00  0,P10  1.



Let bn :
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then (3) can be rewritten as

(4) bn1  2bn  bn1  0,n  with b0  0,b1  1.
Since bn1  bn  bn  bn1,n  then bn  bn1  1,n  and, therefore,
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(6) an1  2an  an1  4n,n  with a0  a1  0.
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